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Abstract 

We prove the expansion formula for the classical Futaki invariants on the blowup of 
Kahler surfaces, which explains the balancing condition of Arezzo-Pacard in J3). The rela- 
tion with Stoppa's result lfl"8l is also discussed. 
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1 Introduction 



In (H, E. Calabi introduced the extremal Kahler metric on a compact Kahler manifold, which is 
a critical point of the Calabi functional. A special case of extremal Kahler metrics is the constant 
scalar curvature Kahler (cscK for brevity) metrics. The uniqueness of extremal Kahler metric 
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was proved by Chen-Tian in [9]. However, the existence of extremal Kahler metrics or constant 
scalar curvature metrics is a long standing difficult problem, which is closely related to some 
stabilities conditions in algebraic geometry. In some special cases, the extremal metrics can be 
constructed explicitly and they have many interesting properties (cf. (H lfl9llfTl0 . In a series of 
papers, Arezzo-Pacard (2l and Arezzo-Pacard-Singer H get a general existence result on the 
blowup of a Kahler manifold with extremal Kahler metrics or constant scalar curvature metrics 
at finite many points with some conditions by using a gluing method. 

To state Arezzo-Pacard's theorem, we introduce some notations. Let (M, o) be a compact 
Kahler manifold with a Kahler metric co, and K the group of automorphisms of M which are 
also exact symplectorphisms of (M, co). There is a normalized moment map 

where t is the Lie algebra of K. Moreover, for any X G t, (%,X) is a Hamiltonian generating 
function on X and satisfying the normalization condition 

/ (Z,X)a$ = 0. (1.1) 

JM s 

Theorem 1.1. (Arezzo-Pacard §3§)Let (M,oo) be a compact Kahler manifold with constant 
scalar curvature metric CO, and % : M — > M the blow up at distinct points {p\, ■ ■ ■ ,pk} satis- 
fying the following conditions 

(1) £(Pl)v ,£(Pn) span t; 

(2) there exists a\ , ■ ■ ■ ,a£ > such that 

£ t a J Z(p j ) = 0el. (1.2) 

7=1 

Then, there exist c > 0, £o > and for all £ € (0, Bq), there exists on M a constant scalar curva- 
ture metric 00 e in the Kahler class 

co e G n* [oo] - e 2 (a^c l {[E l \) + • • • +a^c x {[E k ])) 

where aj e satisfies \a; e — aj\ < c£ 2 '"+! . 

Condition (2) in Theorem ll.ll is called the balancing condition and it should be related with 
the stability property of the blowing up manifold. In [18] J. Stoppa gives the expansion of the 
Donaldson-Futaki invariant on the blown up manifold and he shows that the conditions (2) is 
naturally related to the Chow stability of 0-dimensional cycles. Using this formula, he proved 
that if we blow up a cscK manifold with integral Kahler class [co] at a Chow unstable 0-cycle 
Y*i a 1~ Pu then for any rational < £ <C 1, the class 7t*\(o\ — e^aiEj) does not contain a cscK 
metric, since this new polarized manifold is K-unstable. 

A natural question is whether we can remove the rationality assumption in Stoppa's theorem. 
Recall that when the Kahler class is polarized by an ample line bundle L (hence M is a projective 



2 



algebraic manifold) and the holomorphic vector field X generates a C* action, the Donaldson- 
Futaki invariant for the induced product test configuration coincides with the classical Futaki 
invariant of X up to a universal constant iTTTTl . Since the vanishing of Futaki invariant is an 
obstruction to the existence of cscK metric, we can prove the non-existence of cscK metrics by 
a corresponding expansion formula for the classical Futaki invariant on the blown up manifold. 
In this paper, we will prove such a formula. For technical reasons, we restrict our attention to 
complex dimension 2. 

Theorem 1.2. Let n : M — > M be the blowing up map of a compact Kahler surface M at the 
distinct points {p\,P2,"~ ,Pn}- If the holomorphic vector field X on M vanishes and is non- 
degenerate at pi(\ < i < n), then we have 

fa(&e,X) = fAi(n,x) + £ v Pi (a,x) • a + o(e 2 ), 

i=i 

where X is the natural holomorphic extension ofX overM, and the Kahler class Q, e is 

1=1 

Here £, > are small numbers and V Pi (£l,X) are given by 

V K (n,X) = -2ti a (X)( Pi ) + -^J M (a,X) = -2(0x -9x)( Pi ), 

where dx is the holomorphy potential ofX with respect to Q,, and dx is the average of dx- 

The notations in Theorem 11.21 will be introduced in Section [2] Note that (dx — Qx){Pi) is 
independent of the choices of co g and dx, see Lemma IXTI When the manifold is a projective 
algebraic surface, the polarization is asymptotically Chow stable and the holomorphic vector 
field generates a C* action, then (dx — 6 x )(Pi) equals the Chow weight of pi up to a universal 
constant factor and hence our result coincides with Stoppa's. For details, see section [6] 

The proof of Theorem 1 1.21 is based on Futaki |[T4l and Tian's localization formula in EU1 
for the Futaki invariant, which essentially uses Bott's residue formula for characteristic numbers 
in [6J. However, Bott's residue formula needs the non-degeneracy condition on the holomor- 
phic vector fields, and it will be difficult to remove this condition when calculating the Futaki 
invariant. When we consider the blown up manifold as in Arezzo-Pacard's result, under the non- 
degeneracy assumption the induced holomorphic vector field on the blown up manifold may still 
be degenerate somewhere and we need to calculate the residue carefully in this case. 

The key step in the proof of Theorem ll.2l is to calculate the residue formula in the degenerate 
case, and we use only elementary calculus. It should be generalized to higher dimensions. We 
note that there is a vast amount of literatures discussing various residue formulas on C' ! (cf. ifTTl 
E21 and references therein), but few of them focus on the case in the Kahler manifolds, which 
usually involves Kahler metrics. The calculation in this paper might be the first step toward this 
direction. 
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A direct corollary of Theorem 1 1.21 is the following result, which gives a partial converse of 
Theorem ll.ll in the special case of Kahler surfaces: 

Corollary 1.3. Let % : M(jj\, ■ ■ ■ ,p n ) —> M be the blowing up map of a compact Kahler surface 
M at the points {/?,} C Zero(X), where X £ t)o(M) is non-degenerate at {/?,}. If 

£<£,X> (/>,■) •£,-/(), (1.3) 

where t, satisfies the normalization condition di.il ) and £; > are small, then M has no constant 
scalar curvature metrics in the Kahler class 

d e = 7t*a- J £e i c l ([£,]). 
i=i 

In fact, it is well-known that the moment map £ under the normalization condition (11.11) can 
be characterized by (£,X) = dx — Ox- Therefore, Corollary 1 1 . 31 follows directly from Theorem 
11.21 Corollary 11.31 gives a criterion on the non-existence of constant scalar curvature metrics on 
the blown up manifold. Moreover, the condition (11.31 ) may be related to the ^-stability, which is 
introduced by Donaldson in lfT2llfT3l . 

The structure of the paper is as follows: In section [2j we include basic facts concerning the 
Futaki invariant and also outline the proof of the localization formula of Futaki and Tian. To 
state our result in a clear way, we also define some local invariants on the zero locus of a holo- 
morphic vector field X. In section[3j we prove Theorem ll.2l in the case when the blow up center 
is an isolated zero point of X, and in section |4j we consider the case when the blow up center 
lies on a 1 -dimensional component of the zero locus of X. Note that the extension of X on the 
blow up manifold is degenerate if and only if the blow up center p is an isolated zero point of 
X and the linearization of X at p is not semisimple. This is proved in section 13.11 The proof 
of the degenerate case is the most technical part of our paper, and occupies section [331 and [3~4l 
Then in section [5J we apply our result to the blowup of CP 1 x CP 1 at 2 or 3 points. The Futaki 
invariants in the former case has already been calculated by LeBrun and Simanca in ifToll . Our 
method can also obtain a full expression for the Futaki invariant. For simplicity, we only write 
down the first order terms, which suffices to prove the non-existence of cscK metrics in some 
Kahler classes. Finally in section [6l we compare our result with that of Stoppa. 

In a forthcoming paper, we will use a different method to get the expansion of the Futaki 
invariant on compact Kahler manifolds of higher dimensions and general holomorphic vector 
fields. As an application, we will show Corollary [O] for more general cases. 

2 Preliminaries 

In this section, we will recall briefly the localization formula of Bott J6l, Futaki |[T4l and Tian 
||2TJ1 for the calculation of the Futaki invariant. 
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Let (M,co g ) be a compact Kahler manifold, where co g = gjjdz' Adz J '- Here we adopt the 
convention that ft) and Ric(co) are defined without the usual "V - 1" factor. Let f)o(M) be the 
space of holomorphic vector fields with nonempty zero locus. For any X G f)o(M), we denote 
by Zero(X) the zero set of X, which consists of complex subvarieties Z^(A G A). We say X 
is non-degenerate on Z^, if Z^ is smooth and det(DX| tm/tz x ) is nowhere zero along Z^. X is 
called non-degenerate on M if X is non-degenerate on all the Z^ (A G A). 

The holomorphy potential of X G f)o(M) with respect to C0 g , denoted by Bx, is given by the 
equation 

i x (O g = -dd x . 

Such a 0x always exists and is unique up to a constant. Note that the function Bx restricted on 
any Z^ is a constant, and we define 

Kq.(X) Zx = B x \z x , 

where Q, = [-^rtog] is the Kahler class of (O g . Note that tio.(X)z x depends on the choice of co g 
and Bx- However, we have 

Lemma 2.1. Let 6 X be the average of Q x , then the value of B x — B x on a zero point ofX is 
independent of the choices of C0 g in Q. and Bx- 

Proof. First we fix the Kahler form co g , then Bx is unique up to adding a constant. Then ob- 
viously Bx — Bx is independent of the choice of Bx- Now let's fix a co g and Bx with Bx = 0. 
We change co g by ftty = co g + dd§. Then we can choose the holomorphy potential with respect 
to 0)0 to be Bx —X(<j>). Since X((j)) vanishes on any zero point of X, we need only to prove 
f M (B x -X($))co; = 0. Let /(/) := f M (B x - tX((j>))co^. Then /(0) = and 

f'(t)=nj (B x -tX(<!>))dd<i>Aco^ 1 - f X(0)fl^. 

Observe that = ix(d(j> A ffljl) = X(^>)a"^ - ntd§ A ixGhq A co' t '^ 1 . Integrate this and using 
integration by parts, we get directly f'(t) = 0, hence f{\) = 0. □ 

The Futaki invariant of Q. and the holomorphic vector field X is defined by 

/ tf (fl,l)=(y)"| M %)<, (2-1) 
where h is a function satisfying 

s(g)-s = A g h g . 

Now we start with some general discussions.Let be any symmetric GL-invariant polyno- 
mial of degree n + 1, and Z? a vector bundle over M. Assume that h is a hermitian metric on E 
and Bx(h) be an £ , «<i(£')-valued function satisfying 

dB x (h) = -i x R{h) (2.2) 
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where R(h) denotes the curvature of h. Then we can check that 

i x <t>(R(h) + 9x(h)) = -d<j)(R(h) + B x (h)). 

We define a (1,0) form 77 onM\Zero(X) by r\{Y) = g(Y,X)/g(X,X) for any Y G h (M) and we 
define a formal series of forms by 

a = (j>(ex(h)+R(h))A- 



1 + 5t] 

Direct calculation shows that 

§{6 x {h)+R{h))-da-i x a = 0. (2.3) 
Let [)3]yt denote the degree k term in j3. By (12.31 ) we have 

[<t>(G x (h) +R(h))} 2 „ = d[a] 2 „-i. (2.4) 
Let B e (Zx) be an e -neighborhood of Z^. Using (12.41) and the Stokes formula, we have 

/ <j>(9x(h)+R(h)) = lim f <j>(e x (h)+R(h)) 

JM e^0+ Jm\U a B £ (Z a ) 

= lim / d[a] 2n -i 

= - £ lim / [a] 2n _ b (2.5) 

where dB e (Z^ ) has the induced orientation such that the last equality holds. The following result 
was essentially proved by Bott in O, and the readers are referred to Theorem 5.2.8 of |[T4l for 
the details. 

Lemma 2.2. ( /I6l7/fi?l/ ) If X is non-degenerate on M, then 



lim / 4>(ex(h) +R(h))-- 

e~>0 JdBAZi) 1 



n , „ r^v /" ^>{e x (h)+R(h)) 



27TV-1 



(z.) 1 + ' Jz x det(L x (X) + K. 



where V is the complex codimension ofZx inM, L^(X) is the operator Lx(X)(Y) = (VyX) J -/or 
Y £ Nm\z X ' an d is the curvature form of the induced metric on ^m\z x by 8- 



Now we would like to apply Lemma 12.21 to the calculation of Futaki invariants. Direct 
calculation shows that the Futaki invariant can be expressed by 

(n + \)2" +l f M (Q,X) 
= t^J^^TL {(-A g e x+ Ric(g ) + (n-2 M e x + ( o g ))^ 

-(A g 9 x - Ric(g) + {n- 2j)(0x + co g ))" +l ) - «2"+V ■ (^)" ^ (d x + co g )" +l , 

(2.6) 
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where /I = u q„ . In the following, we want to choose the polynomial (j) and the vector 

bundle E — > M such that (12.61) can be simplified by Lemma 12.21 We assume without loss of 
generality that £2 = c\ (L) for a holomorphic line bundle L — > M. If we choose 

$ = j^-^tr(x l x 2 ---x n+l ), e{ = K M l ® L"^ . (2.7) 

then we have 

= Ric(g) + (n - 2j)co g , 9x(h) = -Ad x + (n - 2j)d x , 

where R(h) is the curvature of the Hermitian metric on E\ and dx(h) is determined by (12.2b - 
Therefore, we have 

J ( - A g dx+Ric(g) + (n - 2j)(6x + ffl g ))" + 

L lim + / (-A g d x +Ric(g) + (n-2j)(d x + G) g )) n+ \^(-l) k 7 1 A(dll) k - 

(2.8) 

Similarly, if we choose E 3 2 = Km <S> L' i_2; in (I2.7I ). we have 

= -Ric(g) + {n- 2j)(0 g , x (h) = Ad x + (n- 2j)B x . 
Combining this with (12.5b . we have 

/ (A g e x -Ric{g) + {n-2j){d x + co g 

"I 1 ™ / , (A g d x -Ric(g) + (n-2j)(d x + o )g )) n+ \'^(-l) k r 1 ACdr 1 ) k . 

(2.9) 

For the last term of (I2.6I ). we choose £" = £»+i-2* and do the same calculation as above, 

/ (O x + (0 g ) n+1 = - £ lim / (0 y + £O g )" +1 A£(-l) fc 7]A(aTjf. (2.10) 
Combining the equalities (I2.6I )- (I2.10I ). we have 

Ma,x) = £(i Zx (n,x) — ^-nj Zx (a,x)), 



t n+1 
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where Iz x (Q,X) and Jz k (Q,X) are defined by 

= iy^j^i^-y ( - s + J dMZi) ( - *a 

+Ric(g) + (n-2j)(d x + CO g )Y +l A A (3ij)* 

+ Urn / (A g x -/?/c(g) + (n-2j)(0x + <a g ))" +1 A n £(-l)*T]A(aT])* 



e^O+JdB e (Z x ) V y 

and 



(2.11) 



/z A (n,X) = - lim (¥—) n [ (fr + ag" +1 A £(-1)^(3*1)* (2.12) 



>0+V 27T / J dB £ (Z A j A . =0 

Note that using the identities 



l ( - 1)J v>- 2 H 



7=0 

the equality (12.111 ) can be simplified to 



n\ , „ [ 0, if /c < « or /c = /i + 1 ; 
2"n!, if/c = /i. 



/z A (n,X) = -lim(^-i)" / (-A,0 x +7?/c(g))(0 x + % )"A£(-l)^A(5T J ^. 

(2.13) 



Simple calculation shows that — A g dx(Z^) = tr(L^(X)). Applying Lemma [2721 to (12.121) - 
(12. 131 ). we have the following result: 

Theorem 2.3. ( H14V . H20\l ) For a Kdhler class Q. and non-degenerate X G ho(M), the Futaki 
invariant is given by 

/ M (n,x)=£ (/ Z4 (n,x)-^^(n,x))Y 



where ji. = c 1 ^ M q,P — 



(tr(L A (X))+ Cl (3f))(tr (X) z .+fl)» 



/z A (ft,X) = / " ^ " V " V -, (2-14) 



= / wi±^! . (Z15) 



Theorem 12.31 was first proved by Futaki in Ifl4l for the first Chern class and by Tian in GUI 
for a general Kahler class. For simplicity, we introduce the following notations: 

Definition 2.4. For a Kahler class Q. and X £ t)o{M) with Zero(X) = U X Z X , the local Futaki 
invariant of (£2,X) on Z x is defined by 



f Zl (n,x) = i Zx (n,x) - — x vh x (n,x), 

where I Zx (&,X) and Jz x (Q,X) are given by A2.14\) and (12.1 5\) respectively when X is nondegen- 
erate on Z x , and by A2.13\) and \2.12\ in the general case. Moreover, we define 




When M has complex dimension 2, we can simplify the formula in Theorem l2.3l as follows. 
Write the set of indices A = AoU Aj where A,- consists of all X with dimcZ^ = i(i = 0, 1) and 
we set 

A x :=tx(L x (X)), B x := tr&(X) Zx , C x = det(L x (X)). 
The following result is a direct corollary of Lemma 1231 

Corollary 2.5. (I[20\l, l[21\l )Suppose that dimcM = 2. IfX£ l)o(M) is non-degenerate on the 
zero set Z x , we have 

, A x B\-^B\ 
f Zx (£l,X)= c x {2A1) 

for the case X £ Ao, and 

fz x (&,X) = (2B x -2iiBlA k l )£l([Z x }) 

+ (^AfBl)cm([Z,]) + (A, l Bl-^AfBl)(2-2g(Z x )) (2.18) 

for X £ Ai, where g(Z x ) denotes the genus ofZ x . 

Corollary 12. 5 1 is given by EUll and the details of the proof is given by EH . 

Remark 2.6. We will also use the expression of I Zx (£2,X) and Jz x (£2,X) when dimcZ^ = 0, 1 
in later sections. So we write them down here: 



When dime Z A = 0, we have 



AiB'l , v B\ 

7z A (n,X) = -i-A, J Zx (a,X) = -^.. 

When dime Z A = 1, we have 

Iz x (&,X) = 2B x Q([Z x ])+A k l B 2 x (2-2g(Z x )), 

J Zx (a,X) = 3A^B 2 x a([Z x })-A^ 2 Bl(c l (M)([Z x })+2g(Z x )-2). 
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3 Blowing up at isolated zeros 



In this section we will calculate the Futaki invariant of the blow up % : M — > M of a Kahler 
surface M at an isolated zero point p G M of X with the exceptional divisor 7i~ l (p) = E. In 
this case, X can be naturally extended to a holomorphic vector field X on M. We would like to 
calculate the Futaki invariant of (Cl e ,X) onM where Cl e = 7i*Q. — ec\([E]). 

Now we study the zero set of X on the blown up M. The zero set Zero(X) = U^ eA Z^ of X 
on M can be divided into two types: one coincides with the zero set of X on M and we denote 
the set of the indices by A. The other belongs to the exceptional divisor E and we denote the set 
of the indices by T. Thus, the indices of the zeros sets Zx has the decomposition A = AUT. Set 

_ Cl(M)-Cl e 1 . 2x 

ft= ^2 ' 8:=^-^ = -^e + 0(e 2 ). 

With these notations, we have 
Lemma 3.1. 

fM(£i e ,x) = Ma,x) - -^-sj M (a,x) + £ f h (n e ,l) + -^-sj p (a,x) - f p (a,x), 

ft ~\~ 1 Q -y. ft ~\~ 1 



AeY 

where Jm(£1,X) is defined by M.16\ . 

Proof. The Futaki invariant of (Cl e ,X) on M is given by 



fa(Ci e ,x)= £f 2 ^ e ,x)+£f 2 ^ e ,x). 



Note that for any A G A we have 



f Zx (d e ,x) = i Zx (a e ,x)--—fij Zx (a e ,x 



n + 

i Zx (a,x)--^- i (n+5)j Zx (a,x) 



fzA^)--^sj Zk (a,x), 



where we used the fact that I 2 ^ (Cl e ,X) = Iz k (Q,X) and J z (Cl e ,X) = Jz A (Q,X) since Zx and E 
are disjoint for X G A. Note that 

Ma,x)= £/ z ,(a,x)+/ p (n,x). 

AeA 

The lemma follows from the above equalities. □ 
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3.1 The zero set of the holomorphic vector field X 

In this subsection, we will calculate the zero locus of the holomorphic vector field X on M. 

Let p 6 M be an isolated zero point of X and U be a neighborhood of p with coordinates 
(z, w). Near the point p the vector field X can be written as 

X = X l (z,w)-^-+X 2 (z,w)^-, (3.1) 
oz aw 

where X l (z,w) andX 2 (z,w) are holomorphic functions on U. We assume that the functions X 1 
and X 2 can be expanded on U near p G M as 

X^z.w) = a lZ + ^iw+ £ CyzV, (3.2) 
X 2 (z,w) = a 2 z + b 2 w + £ %zV, (3.3) 

/+7>2 

where ai,bi,Cij and are constants. By our non-degenerate assumption, the matrix 

a\ b\ 
a 2 b 2 

is non-singular. 

Consider the blowing up map % : M — > M at the point p. 

Lemma 3.2. Let p be a non-degenerate isolated zero point of X, where X is locally given by 
f |j.2D -f TQl ). Then X is non-degenerate if and only if the matrix 

a\ b\ 
a 2 b 2 

is semisimple(i.e. diagonalizable.). 

Proof. By a linear transform of coordinates, we may assume that the matrix 

a\ b\ 

a 2 b 2 

is a Jordan canonical form. In particular, a 2 = 0. We choose the coordinates on U := n~ l (U) as 

ff:={((z,w), | MGM=^}c(/xCP', 

which can be covered by two open sets Ui = {£, ^ 0} and U 2 = {r\ ^ 0}. We choose the coor- 
dinate functions (i*i,vi) on Ui where u\ = z,v\ = Q and the coordinate functions (u 2 ,v 2 ) on U 2 

where u 2 = ^,v 2 = w. We want to compute the zero set of X on Ui and U 2 . 
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On tj\ the holomorphic vector field X can be written as 

X = X\u i ,u i v l )-^— + ^-(x 2 (u i ,u l vi) -X l (ui,uivi)v^j^-. 
Thus, using the coordinates on tj\ the vector field X can be expressed by 

X=X l (ui,v 1 )^-+X 2 {u l ,v 1 )^-, 

where 

X 1 = Ul (a 1 +bm+ £ CijU^-^X (3.4) 

i+j>2 

X 2 = (b 2 -a l )v l -b l v 2 + £ (dijvi-Cijvi+'y^- 1 . (3.5) 

i+j>2 

Since p is an isolated zero of X, the zero set of X on U\ lies in the exceptional divisor and it is 
given by 

Z\ = |(mi,vi) G Ui u x =0,(fe 2 -ai)vi -fciv? = oj CEnt/i. 
which consists of the following cases: 

• If 

a\ b\\ ( a 

«2 ^2 / \ fl 

where a ^ 0,then Z\ = EC\~U\\ 
If 

a\ b\ \ _ ( a 
a 2 b 2 )~ V ft 

where a^b, then Zi = {pi} where /?i has the coordinates 

pi : («i,vi) = (0,0); 

If 

a\ b\ \ ( a 1 
a 2 b 2 J \ a 

where a ^ 0, then Zi = where p\ has the coordinates 

pi : Oi,vi) = (0,0), 

and X is degenerate at this point. 
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Now we calculate the zero set of X on U 2 . Using the coordinates on U2 the holomorphic 
vector field X can be written as 

X=X\u 2 ,v 2 )^-+X 2 (u 2 ,v 2 )^-, 

where X («2)V2j and X [u2,V2) are given by 

X\u 2 ,v 2 ) = b l + (a 1 -b 2 )u 2 + £ (c ij u 2 -d ij u i 2 +l )v 2 +j -\ (3.6) 

i+j>2 

X 2 (u 2 ,v 2 ) = v 2 (b 2 + £ d u u 2 v^ j - 1 ). (3.7) 

i+j>2 

Thus, the zero set Z 2 of X on £ n ^2 is given by 

Z2 = |(«2,V2) v 2 = 0, b\ + (ai -b 2 )u 2 = o|. 

So we have: 
• If 

ai £>i \ f a 
®2 b 2 J \ a 

where a / 0, then Z 2 = E HU 2 ; 
If 



^1 \ / a 
a 2 b 2 ) = \ ft 

where a ^ b, then Z2 = {171} where 171 has the coordinates 

9i : (»2,V2) = (0,0). 



If 



where a 7^ 0, then Z 2 = Q) . 



a\ b\ \ j a 1 
®2 b 2 ) \ a 



Hence the lemma is proved. □ 
3.2 The non-degenerate cases 

In this subsection, we will calculate the Futaki invariant of (Cl e ,X) for the non-degenerate cases 
in Lemma [372] It follows from Lemma I37TI that we need to calculate the local Futaki invariant 
on the zero set of X which lies in the exceptional divisor E . The calculation is not difficult since 
we have the nice formula in Corollary 12.51 when X is non-degenerate. 
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Theorem 3.3. IfX is non-degenerate on M, then 

fa(&e,X) = /m(H,X) + v p (a,X) ■ e + 0(e 2 ), 
where V p (Q.,X) is given by 

V p (n,X) = -2tr n (X)(p) + JLj M (CL,X). 

Proof. By Lemma [3TTI it suffices to compute f% (Cl e ,X)(X G T) for the non-degenerate cases in 
Lemma [372] We divide the proof into two cases: 

Case 1: For a\ = b2,a2 = b\ = the zero set of X on U is given by Z = E. Note that by 
(f3~4T)-(f33t we have 

A E :=tr{L E {X))=a l =C E , Cl e {[E]) = jc*£1([E]) - eE E = £. (3.8) 

To calculate B E '■= tr^ E (X)\ E , we need to choose a suitable Kahler metric on M in the class Q. e . 
We shall choose such a metric as Griffiths and Harris did in their book |[l"5l . The construction is 
as follows: 

Following the notations in Section [3TT1 the set U\ has local coordinates (u\,v\) with u\ = 
z, vi = \ and the exceptional divisor is given by u\ = 0. The line bundle [E] over U has transition 
function z/w on Ui fl tJ% and we can choose a global section a of [E] over M by a = u\ on C/i 
and a = 1 on M\Bi where S r := 7T _1 (Si (p)). Here S r (p) denotes the ball on M centered at p 
with \z\ 2 + |w| 2 < r and we assume that Si C U. Define the Hermitian metric hi of [E] over U 
given in U\ by 

, I^| 2 + |r7| 2 
Al = — — ' 

and h% the Hermitian metric of [E] over M\£ with \c\\ 2 = 1. Let Pi,P2 be a partition of unity 
for the cover {B\,M\B\) of M and let /? be the global Hermitian metric defined by 

h = p\h\ +P2/J2- 
Then the function \ o\\ on Bi is given by 

l a l/» = — i^ 1 ' • l^il 2 = l"i| 2 + l"ivi| 2 - (3.9) 

Given a Kahler metric (O g with the Kahler class D. = [ffl g ] on M, the induced metric cb e in 
the Kahler class £2 e = K*Q — £c\ (M) is given by 

(b e = %* (Og + edd log h. 

Thus, the holomorphy potential 6% of X with respect to G) e is given by 

t = if0 x -e-Z{]og\o\l). 
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Using the expression (I3.4I )- (I3.5I ) and ( 13.91 ), we have X (log |(7|jj) \e =a\. In conclusion, we have 

B E = p -a l£ , (3.10) 

where p = 0x(p)- 

Note that the genus of the exceptional divisor is zero and p. = /I + 8 , by Corollary 12.51 we 
have 

f E (d e ,X) = (2B E -2fLB 2 E A E l )Cl E ([E]) 

+( 1 -jA E 2 B\)c l (M){[E]) + {A E l B\ - 2 -±A E 2 B\)(2-2g(E)) 

20 2 20^, 20^ n 

= -^--iLi-20 P e--i8 + O(e 2 ), 

where we used (I3.8I ). On the other hand, using Corollary 12.51 again we can compute f p (Cl,X) 
and J p (Q.,X) as follows: 



20l 20l 0\ 



f (a t x) = -B.-Pfi, j p (a,x) = ^ 



where we used the fact that A p = 2a\ , B p = p and C p = a\. Combining these with Lemma |3~T1 
we have 

fa(& e ,x) = f M {a,x) - j8j M (n,x) - 20 p£ + o(e 2 ). 



Case 2: For a\ / Z>2 and #2 = b\ = 0, the zero set Z = {p\,qi} where p G U\ and q G U2 and 
the coordinates are given by 

pi : (ui,vi) = (0,0), qi : (u 2 ,v 2 ) = (0,0). 

By the expression (13.4I )- (13.5I ) of X near p\ we have 

A pi =b 2 , B pi = p -ai£, C Pl =ai(b 2 -ai), 

where B Pi can be calculated as Case 1. Thus, the local Futaki invariant of p\ is give by 

f f r> ^_ H°p-<*i£) 2 2{0 p -ay£f{^ + 8) 

/pil iz e) A j — 77 \ 7. 77 \ • v / 

a\\p2 — a\) 5a\{b2 — a\) 



Similarly, by the expression (I3.6I )- (I3.7I) of X near q\ we have 

A qi =ai, Bq l = p -b 2 £, C Pl =b z (a\ -b 2 ). 
The local Futaki invariant of q\ is give by 

JqA e ' ' b 2 ( ai -b 2 ) 3b 2 ( ai -b 2 ) 
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Next, we calculate the local Futaki invariant of p. Clearly, on the point p £ M, 



a { + b 2 , B p = d p , C p = a\b 2 



and we have 



(ai+b 2 )d 2 p 20 3 p H 



j p (a,x) 



a\b 2 ~5a\b 2 



a\b 2 



Collecting the above results, we have 



fy(&e,x) = / M (n,x)--57 M (n,x)+/ Pl (a e ,l)+/ ?1 (a e ,x) + -5/ p (a,x)-/ ; ,(n J x) 

= fM^,X)-^8J M (^,X)-2e p s + 0(s 2 ). 



The theorem is proved. 



□ 



3.3 The degenerate case 

In this subsection, we will calculate the Futaki invariant when X is degenerate on the exceptional 
divisor E. In this case, the calculation of Bott, Futaki and Tian fails and it should be related to 
the general theory of Residue currents (cf. |[22l and reference therein). However, when M has 
complex dimension 2 , we can do the direct calculation using only the elementary calculus: 

Theorem 3.4. Let p be an isolated zero ofX. IfX is degenerate at a zero point p G E, then the 
Futaki invariant of(Cl e ,X) is given by 



Proof. First, we claim that we can find a holomorphic coordinate transform around p such that 
in the new coordinates, our holomorphic vector field contains only linear terms. The reason is 
the following: 

We call a vector X = (X\ , . . . , X n ) G C" to be "resonant", if there is an integral relation of the 
form Xk = niiXi, where m,- are non-negative integers with £, ra,- > 2. And we say X belongs 
to the Poincare domain if the convex hull of X\ , . . . , X n in C does not contain the origin. 

Theorem 3.5 (Poincare, |51,P190). If the eigenvalues of the linear part of a holomorphic vector 
field at a singular point (i.e. zero point) belong to the Poincare domain and are non-resonant, 
then the vector field is biholomorphically equivalent to its linear part in a neighborhood of the 
singular point. 

The idea of this theorem is that if the linear part of the vector field satisfies the "non-resonant 
condition", then we can construct a family of holomorphic coordinate transforms that eliminate 
the &-th order terms recursively for any k > 2. And if the eigenvalues are in the Poincare domain, 



f M {£l,X) + v p (£l,X)-s + 0(e 2 ) 



where 



v p (a,X) = -2tr n (X)(p) + ~j M (n,x). 
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then the compositions of the coordinate transforms also converge to a holomorphic coordinate 
transform. The interested reader can find a detail discussion in @. 

In our case, the linear part of X clearly satisfies the conditions in Poincare's theorem, so in 
the following discussion, we can assume without loss of generality that 



X l (z,w) =az + w, X 2 (z,w) 



■ aw. 



Then in the coordinates (wi,Vi) of previous subsections, X can be written as the following on 
Ui : 

d 2 d 

X = Ul(a + Vl)^: V 1 ^r— . 

au\ av\ 

It is clear from the discussion in Section 2 that in defining I p and J p , we can use any family 
of domains shrinking to p. So in this section, we choose special domains to simplify the com- 
putation. Let B r be a sufficiently small "distorted" ball around p\, defined by |X| 2 (wi , vi) < r 4 . 
We have the following 

Lemma 3.6. Let <$> be any smooth junction onU\. Then we have 

f ^ 47T 2 dd) An 1 1 

hm / 0tja5?7 = t^-(0) 5-0(0). 

r^o+Jds, a dvi a 2 

We use this lemma to calculate f pi (£l e ,X). First, note that for any smooth 2-form %, we 
have 

lim / x A r \ = 0- 

r->0+ JdB r 

This can be seen from the expression of v\ in the next subsection. By (12.121 ). we have 
J Pl (a e ,X) = -Um (% + ^) 3 AT7A5t7 



lim —j- / el-n Adn. 

r-K)+ 471 J dB, X 



ldB r 

To calculate the last term, we need to expand the function §x- In fact, near p\ we have 

l(log|a||) = wi(a + v 1 ) 3 ^-(log(|Mi| 2 + |M ! vi| 2 ))-v?^-(log(|ii 1 | 2 + |ii 1 v 1 | 2 )) 
= a + ■ 



l + hl 

It follows that 



d6 

6 1 (0) = 6 p -ae, j±{0) = -e. (3.13) 



By Lemma I3T61 and (13- 13b . we have 



jM= ^^ + (^l = % +0( ^ (3 , 4) 
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Next, we calculate I pi (Cl e ,X). When n = 2 we have 



Direct computation shows that 



A l %(0)=«, A(_ A ^)(0) = -1. (3.15) 



Combining this with (13.131) and Lemma [331 we have 



I Pl (Cl e ,X) = 2 ^-2e p e + 0{e 2 ). 
a 



On the other hand, we have 



f p (n t x) = ^-^n, j p (a,x) = %. (3.16) 

a 3a z a z 

Combining the above results, we have 

fa(n e ,X) = f M (a,x)-^8j M (a,x)+f pl (a e ,x)-f p (a,x) + ^sj p {a,x) 

= f M (Cl,X)-2d p£ -lsj M (Cl,X) + 0(s 2 ). 



The theorem is proved. 

3.4 Proof of Lemma 13.61 

We first write T] as (for simplicity, we sometimes use (z l ,z 2 ) to denote (u\ , vi)) 

J] = 

where = p^, and a,- = gjjXJ. Direct computation shows that 

l^lg = £i! l«i (« + v i)| 2 - 2Re(g li Ui (a + vi)vT 2 ) +g 22 |vi | 4 , 

and 

= (cddz 1 ) A 5a,- A dz j a i a i - k dz' A dz k A ^ 
ri Adri = - , . J = — -z— , 



□ 
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where a - k means derivative in the direction of z . In our 2-dimensional case, we have 



(X\a 2 \du\ f\du\ Adv\ + Oixa^^dux f\dv\ Adv 



?7AdT7 = ■ - F - ■ + 

a2(Xi \dv\ A du\ /\du\ + a2(X\ idv\ A dv\ A du\ 

\ A \g 

(aia 2 j — (X2(Xi i)dui Adu\ Advi [a%a^ — a\a 2 ^)du\ Advi Advi 



|Y|4 |Y|4 



Now we have the following: 



«2 = g 2 l"l( a + v l) -§22V 2 1, 

= giIJ M i( a + v i) -£12,1^1 +gn(a + v 1 ), 
"1,2 = 8il.2 u d a + v \)-8i2,2V 2 i+gnUi -2g!2Vl, 



«2,1 = §2LI"l( a + v l)-§22,I v l +£2l( a + v l)> 
«2,2 = ^2L2"l( a + v l)-§22,2^+g 2 l"l - 2 §22Vl- 

Proof of Lemma IT6[ To compute the limit 

lim / (bn Adri, 

We use scaling: Set («i,vi) = (r 2 u,rv), and for a function /(wi,Vi,ki,vi), the function p r > is 
denned to be 

P r > (u,v,u,v)= fi^u, rv, r 2 u, rv) . 
Now in the coordinate (w,v), the boundary dB r becomes 



5 r :={( M ,v)|4;V(« + ^)| 2 -2^(4 ) M ( a + rv)v 2 )+gg|v| 4 = l}- 



Recall that on dB r , we have \X\ 2 = r 4 . Then we have: 



r 5 (a {r) a {r) - a Jr. a ^,_i_.4 / '„('-)„('-) _ „('-)„('-) 



M' ^1 "2,1 



a\ > a y l - l )duAduAdv + r A (a\ 'a^-al ' a^j)duAdv Adv 



/ §r\Adr\ = (j) 

JdB r JS r 

I W M M Ws, . _,_ . , , / (r) (r) (r) (r\ 

r(a\ «2 1 a 2 a i 5 )d u Ada Adv + (a 2 'a* + ~ «i « 2 2^ 

r r) ! ! -a ! 

Now when r — > 0, for any function / we have p r > — > f{p\). Moreover, we have that 
g^\u(a + rv)\ 2 - 2Re(g^u(a + rv)v 2 ) +gg|v| 4 ) % -> <2o(««, -v 2 ), 
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where <2o is the hermitian quadratic form defined by gjj(pi). Note that Qo(au, — v 2 ) is invariant 
under the symmetries (u,v) (u, — v) and (w, v) (— w, V— lv). Direct computation shows that 



(r) (r) (r) (r) , . 

a i a 2 \~ a 2 a ii av 2 detg (r > 



r 3 r 

a 2 a i2 ~ a i ^ a 22 lauvdetg^ 



+ v 3 detg w +r( 



+ wv 2 (. . . ) + « 2 (« + ™) 2 (- • • ) + uv 2 (a + rv)(. . .' 



r 4 r 

+7(...)+K--)- 

We claim that when taking limit, we need only to consider the terms with the factor -. First, 
for terms with a factor r, the limit vanishes automatically. For other terms without the factor j, 
the integration operation commutes with taking limit, and we can use the special symmetries of 
Qo(au, —v 2 ) to prove that the limit integral also vanishes. To sum up, we have 

Lemma 3.7. We have 

lim/ <f)r) Adr) = lim- / <j>^ detg^Hv^du AduA dv + 2uvduAdv Adv 

r->0 r 

where &(r) is the integral over S r . 

Now we use the Taylor expansion of the function (j)^ detgW, and using the symmetry of Sq, 
we have 

®(r) 1 /■ 

lim — — = (0det?)(O)lim- / —4vdu Adu Adv Adv 

r^o r r^o r Js r 

+ -^—((j)detg)(0) [ \v\ 2 (vdu Adu Adv + ludu Adv Adv), 

OV\ JSo 

where B, is the image of B r under the coordinate change. Next we evaluate the second integral. 
Since under the degree 2 map (u,v) (au, — v 2 ), the surface So becomes 



So we have 



§ = {(s,t)\Q (s,t) = l}. 
/ \v\ 2 (vdu A du A dv + ludu A dv A dv) 

JSo 



'So 

1 



'2|a| 2 
2 



l«| 2 JQa{sf)<\ 



tds Ads Adt + sds Adt Adt 
ds Ads Adt Adt 



, , 2 — — / (^IfdsAdsAdt Adt 

H 2 detg(0) 7|,|2+kl 2 <i 



47T 



2 



|a| 2 det^(0) ' 
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For the first limit we have the following lemma: 
Lemma 3.8. We have 

1 



lim - / vdu AduAdv Adv = %^\ "'' — -— + ■ 

r->0rJB r V|a| 2 (detg(0)) 2 |a| 4 detg(0) 



i:(detg)(0) 



Now combining the above results, we get Lemma [3761 
Proof of Lemma 1X51 - To compute the integral 

/ vdu Adii Adv Adv, 

JB r 

where B r is given by 

B r = {( u y 



1 2 Jr) 



^{uia + rv^-g^ula + rv^-g^uia + rv^+g^lvl 4 < l|. 



Consider the following differentiable coordinate transformation: 



s= J£> u ( a + rv )-l2L= v \ t 



/detg ( 



V w 

5 11 



v. 



□ 



Then the domain £f r is transformed to £2o = {(^OIN 2 + M 4 ^ !}■ Direct computation shows 
that 

dt /9 , , 7 . 

<7M (7M 



So we have 



Note that |= = O(r), we have 

It follows that 

ds Ads Adt Adt = 

where we used J? = 0(r 2 ) in the last inequality. 



dt Adt 



dt 


2 










<9v 





dt Adt 



dt 



dt 



)dvAdv + 0(r 2 ). 



dvAdv + 0{r 2 ). 



+ O^r 2 ) 1 du A du A dv A dv 



dt 



+ 0{r 2 ) ) du A du A dv A dv, 
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Now we compute 



dt 


2 


ds 






au 



. We have 



du 



(a + rv)^g[^ + 0(r 2 ) 



So 



ds 



(\a\ 2 + rva + rva) ( g n (0) + rv^- (0) + rv^- (0) ) + 0{r 



dv\ 



dv\ 



\ a \ 2 Sn{^) + rv[\a 



|2 "Sll 



(0) + ag lT (0) +rv[\a 



12^11 



(0)+ag li (0))+O(r 



Similarly, we have 

dt_ 2 



So we get 



where 



/ detg(0) \-|// detg(0) \2 | 3^ detg(0) d /detgx 



WO) / Ugii(0) / 4^^1(0) avA glI ' 



(0) 



4 g lT (o) dvAgn A ') K J 



dt 


2 


ds 


2 /detg(0)\ 


dv 




du 


" Wo) / 



C = Id 



(detg(0)) 2 
Sii(O) 



and 



Ci 



|a| 2 g lI (0)detg(0)^l(0) + (detg(0)) 2 (i|«| 2 ^l(0) + ag lI (0)) 



Uil(O)) 2 



Using (13.171 ). we have 

lim- / vduAduAdvAdv 

r^O r J B r 



1 /detg(0)y 



detg\ 



tds Ads Adt Adt 



l l Z r I g lT (0) ) Jao I gn ) C + rvC x + rvC 2 + 0(r 2 



lim ■ 



1 



/ detg(0) y 
V fti(0) ) 

i(i-4(*^(o) 

Co V C V gjj 



4 



r? /detg 



4 V §H 
tds Ads Adt Adt 



(0) 



5 /detg 
dv x \ g ri 



(0) 



(3.17) 



(3.18) 



(3.19) 



v g lT (o) / V4c v gu v v 5v!Vg lT ; v; c 2 Vg, T (o)/ " 1 



dvi V g n 



c^VgiKO); 



Now using the 2-1 mapping (s,t) i-)- (s,f 2 ), we have 

/ (-\)\t\ 2 dsAdsAdtAdt = \ [ (-l)ds Ads Adt Adt = K 2 . 

JQo 2 J|.v| 2 +|/| 2 <i 
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Finally using (13.181) and ( 13.191 ), we get 

,• 1 r , , , , 2( ts^sm 

lim - / vdu AduAdvAdv = n ' -—-^ + -—j- -— 

r->OrJs r V|a| 2 (detg(0)) 2 |a| 4 detg(0) 



□ 

Remark 3.9. We can also prove Lemma U^6\ bv a direct method without using Poincare's theo- 
rem, but the calculation is much more complicated. 

4 Blowing up at non-isolated zeroes 
4.1 The zero set of holomorphic vector fields 

In this section, we consider the non-isolated case. Let be a one dimensional component of 
the zero set of X on a Kahler surface M. We choose a coordinate (z,w) on a neighborhood U of 
p such that Z^nU = {z = 0}. Therefore, X can be locally written as 

X =z-h(z,w)-~- +z-k(z,w)^r— , 
oz aw 

where h(z,w) and k(z,w) are holomorphic functions on U. Since X is non-degenerate at Z%, we 
have 

fe(0,w)^0, (0,w)€t/ 

and we can assume that 

h(z,w) = aQ + a\z + a 2 w+ £ Oj/zV a / 0, 

i+j>2 

fc(z,w) = bQ + biz + b 2 w+ ^ t>ijZ'w j . 

i+j>2 

Let 7T : M — > M be the blowing up of M at the point p. We denote by L the strict transform 
of Zx under 7T, and by Z the zero locus of X over M. Then obviously LcZ. Now we study the 
zeroes of X on the exceptional divisor E. Choose coordinate charts U\ and U2 of U = 7i~ l (U) 
as in Section 3: 

U, = {((z,w),[^7 1 ])\z7 1 =w^^0}cUxCF\ 

u 2 = {((z,w),[C,n])|zi?=wC, n^oict/xcp 1 . 

We choose coordinates mi =z, vi = ^ on f/i and we have EC\U\ = {u\ = 0} and Ln C/i = 0. On 
U\ X := 7T*Z can be written as 

X=X 1 (u 1 ,v 1 )^-+X z (u l ,v 1 )^-, 

OU\ OV\ 
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where X 1 and X 2 are given by 

X 1 = aQU\+a\u\-\-a 2 u 2 v\ + V" a,yw' 1 + ' 7+ v{, 

i+7>2 

X 2 = bo + b\U\— clqV\ + {b 2 — a\)uiv\— a 2 u\v\ + V" (&yVj ' — a,ijv{ + )u^ ] . 

i+j>2 

The zero set of X on t?i is given by 

Zn#i = {pi}, pi:( Ml ,vi) = (0,^) 

which is a non-degenerate zero of X. 

On the other hand, we choose coordinates u 2 = ^ , v 2 = w on U2 and we have £" n U 2 = { v 2 - 
0} and Ln f/2 = {"2 = 0}. Note that X can be written as 

X = X l (u 2 ,v 2 )-^-+X 2 {u 2 ,v 2 )-^-, 

where 

X 1 (f<2,V2) = <3o"2 — #0«2 +0.2U2V2 + (#1 — ^2)"2 V 2 ~~ b\u\v 2 + V (a,y — bijU2)u' 2 +l V 2 +J , 

i+j>2 

X 2 (u 2 ,V 2 ) = U 2 V 2 (b + bill 2 V 2 + b 2 V2 + ^ u 2 v 2 J 

i+j>2 

Therefore, the zero set of X on U 2 consists of the following cases: 

• If b = 0, then Zn U 2 = LC\U 2 ; 

• If bo 7^ 0, thenZnf/2 = (£nt/2)U{#i}, where q\ : (u 2 ,v 2 ) = (^,0). One can check easily 
that qi = pi G t/i. 



Combining the above results, we have 

Lemma 4.1. 77ie zero s<?f Z o/X o« U is given by Zn U = (Lfl t7) U {pi}, w/i<?r<? p\€E is the 
point ((0,0), [a ,&o]) £U x CP 1 . 

4.2 The local Futaki invariant 

In this section we will calculate the Futaki invariant of the blow-up % : M — > M of Kahler surface 
M at a point G / where Z is a one-dimensional component of the set of X. We assume that X is 
non-degenerate on /. As before X can be naturally extended to a holomorphic vector field X on 
M. We would like to compute the Futaki invariant of (£2 e ,X) on M where Q. e = — ec\ ([£]), 
where E = 7t~ l (p) is the exceptional divisor. 
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Let Zero(X) = VJxeA^l be the zero set of X on M and Zq = 1 where I is the curve containing 
the point p as above. Let L = %*l — E be the strict transform of /. Then X vanishes on L 
and the zero set Z of X on M can be divided into three types according to Lemma 14.11 Z = 
LU{q} UxeA ,A^o^A> where Zx is the strict transform of Zx, and q € £" is an isolated zero point 
of X which does not lie on L. Let jl = ^ c an d we define 

5:= J u- J u = -i I £ + 0(£ 2 ). 

With these notations, we have 
Lemma 4.2. 

Proof. The Futaki invariant of (£2 e ,X) on M is given by 

/ A (ft e ,x)= £ / 24 (fi e ,£)+/ £ (ft ej x)+/ ? (ft e ,x). 

Note that for any A £ A, A 7^ 0, we have 

f^(£ie,x) = i 2x (a E ,x)--^- i fij 2i (a E ,x) 

= i z?L (a,x)--^^ + 8)j z ,(a E ,x) 
= fzAn,x)--^8j Zx (n e ,x), 

where we used the fact that I Za (Cl e ,X) = Iz x (^,X) and J z (n e ,X) = J Zl (^,X) since Zx and E 
are disjoint for A 7^ 0. Note that 

fi e ([L])=n([Z])-e, c 1 (M)([L])=c 1 (M)([/])-l, g(L)=g(l). 

Thus, using Corollary 12.5 1 we have 

f L (Cl e ,X) = (2B - 2fiBlA^)d e ([L}) + (l±AfBl) Cl (M)([L]) + (A^ ^ - |U 2 B^)(2 - 2g(L)) 
= / / (n,X)-^/ / (a,X)-(2B -2B 2 Ao 1 (At + 5))£-^A 2 B3( At + 5). (4.1) 

Combine these formulas, we proved the lemma. 

□ 

Theorem 4.3. Let n : M ^ M be the blow-up of M at p £ I where I is a one-dimensional 
component of the zero set ofX. IfX is non-degenerate on M, then we have 

f a (d e ,x) = f u (a,x) + v(n,x) • e + o(e 2 ), 

where v(£2,X) is given by 

v(n,x) = -2tr n (x)(p) + -Lj M (a,x). 
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Proof. By Lemma |4~T1 the zero set of X on U is given by (LnU)U {p\} where p\ : (wi,Vi) 
(0,0). Note that using the local expression of X at p\ we have 

A Pl =0, B P1 = 6x(p)-a e, C Pl = -Oq. 

Thus, we have 

f (C > ^_ 2{pL + 8){6 x { P )-aoeY 

f Pl [i,l e ,A) - —2 . 



Combining this with Lemma I4T21 we have 

JM{^e,X) = f M {£l,X) - -dJ M {Ll,X) -\ 

/ , , 2pM(p)\ 2dl{p)pL 29l(p)8 , 2 , 
- 26 x (p) - xKl! e - xKI 2 JhL - *V + 0(e 2 ) 

= /m(H,X) - ^57 M (n,X) - 20 x (^)e + 0( £ 2 ). 
The theorem is proved. 

□ 



5 Examples 

In this section, we apply our theorem to some examples. Actually, we can get very explicit 
formulas as we do in the proof our theorems. For simplicity, we only write down the first order 
expansion, which in many cases suffices to prove the non-existence of cscK metrics. 

5.1 CP 1 x CP 1 blowing up two points 

Let M = CP 1 x CP 1 , and p\ = (0,0), p 2 = (°°,°°) are two points of M. We blow up pi,p 2 to 
get Mi and denote the blowing up map by %, with exceptional divisors E\ and E 2 . M\ can also 
be realized as CP 2 blowing up three generic points, and is a toric Fano manifold. Write the 
homogeneous coordinates of the two factors of CP 1 x CP 1 by [zo>Zi] an d [vvo,Wi].Letz= — = I 
and w = ^ = i. Then one can check easily that the vector fields z-j; and extend naturally 
to holomorphic vector fields on M\ and they form a basis of f)o(Mi)- We denote these two vector 
fields by Z and W respectively. 

Any Kahler class on M has the form Q. a ^ = ac\{[H\\) +bc\([Hi]), a,b > 0, where H\,H 2 
are divisors in M defined by z = const and w = const, respectively. Since any Kahler class on M 
admits a cscK metric, we know that the Futaki invariant vanishes identically on h(M). Now we 
consider the Kahler class on M\ : 

fiflAei ,£ 2 = x*Q<M ~ £\c\ {[E\] ) - e 2 ci ( [E 2 ] ) ■ 
We want to compute fa {£l a j,£ lfi2 ,Z) := fz(a,b,£\,e 2 ). (The computation of fw is the same.) 
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We choose the following Kahler form in the class £2 ^ on M: 

« = a(d<5log(|zo| 2 + ki| 2 )) + 6(ddlog(|w | 2 + |w 1 | 2 )), 
then we can choose the holomorphy potential of Z to be: 



M 2 



\zo\ 2 + \zi\ 2 ' 



By symmetry, we have 6z = — § ■ We have the following: 

V P1 = -2(6z- Bz)(px) = -2(0- {—)) = -a, v P2 = -2(0 Z - 0z)(p 2 ) = -2(-a- (-|)) =a. 
By Theorem 1431 we have f z {a,b,£\,£ 2 ) = a(e 2 - £\) +o(\e\). 

Corollary 5.1. Let M\ and €l a ,b,£ U £ 2 ^ e as above. Then for small £; > with £\ / e 2 , there are 
no cscK metrics in the class £l a ,b,ei,e 2 - 

Remark 5.2. By our method of proving the main theorems, one can actually have the following 
exact formula: 



2(2a + 2fr-ei-e 2 ),„3 „ 3 , „„2 „„ 2l 
3(2ab-e 2 -el J 



fz(a,b,Ei,e 2 ) = -2a(a + b-e 2 ) 2 jr-^isf - + laSo 2 - 3a 2 b) . 



5.2 CP 1 x CP 1 blowing up three points 

Let M = CP 1 x CP 1 and Q lLb be as above, and p x = (0,0), p 2 = (°°,°°),p 3 = (0,°°) are three 
points of M. We blow up pi,p 2 ,p 3 to get M 2 and denote the blowing up map by 71, with excep- 
tional divisors E\,E 2 and £3. M is also a toric manifold. Write the homogeneous coordinates of 
the two factors of CP 1 x CP 1 by [z ,zi] and [w ,wi].Let z = | = | and w = ^ = i. Then the 
natural extensions of the vector fields and 

^Tvy form ^ basis of f)o(A/2)- We denote these two 

vector fields by Z and W respectively. 
The Kahler class we choose on M 2 is: 

&a,b,e u e 2 ,e 3 = X*Cl a , b - E\Ci{[Ei\) - e 2 Ci([£ 2 ]) - e 3 Ci([£ 3 ]). 

We want to compute /^(^^.^^.Z) := f z (a,b,£ U E 2 ,E 3 ) and similarly f w (a,b,e u e 2 ,e 3 ). 
The holomorphy potential of Z is still 



zo| 2 + |zi| 2 ' 



And we still have d z = — j . We have the following: 



V Pl = -a, V P2 = a, V P3 = -a. 
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By Theorem [43J we have 

f z (a,b,£i,e 2 ,e 3 ) = a(e 2 -£i-e 3 )+o(|e|). 

Similarly, we have 

f w (a,b,e u e 2 ,e 3 ) = b(e 2 - £1 + £3) + o(\e\). 
Since e 2 — £\ — £3 and e 2 — E\ + £3 can not be both zero when all the £,'s are positive, we have: 

Corollary 5.3. Let M 2 and ^a,b,ei,e 2 ,e 3 be as above. Then for £; > small enough, there are no 
cscK metrics in the class ^. a ,b,ei,e 2 ,e 3 - 

6 Relation with Stoppa's result 

In this section, we point out the relation of Stoppa's theorem with ours when the Kahler manifold 
is a polarized algebraic surface (M,L), with Kahler class CI = c\(L). Let's first recall Stoppa's 
result. 

Let Z = Y*i a iPi be a O-dimensional cycle on a n-dimensional polarized algebraic manifold 
(M,L), where pi G M are different points and a\ G Z+. We write M := BlzM and denote by 
p :M — > M the blowing up map, with exceptional divisor £"Q Assume X is a holomorphic vector 
field on M that generates a holomorphic C* action a(t). 

Define Z t := a(t)Z and taking the flat closure of U te c*A x{t}cMxC, we get a subscheme 
Y of M x C. Then blowing up Y, we get 3C = Bly(M x C), which is a test configuration for 
(M,L), where L = y/?*L — Z? for some positive large integer 7, here 2f plays the same role as £, 
in our setting. Stoppa got the following formula for the algebraic Donaldson-Futaki invariant of 
this test configuration: 

F(iT ) = F(M,L,X)f - ^Jf^-'pi, a) 2 ^ Y _ 2) ; + 0(1) , (6.1) 

where F(M,L,X) is the algebraic Donaldson-Futaki invariant of the product test configuration 
of (M,L) with C* action induced by a, and 'ifJt? Vij «) is the Chow weight of a(f) 
acting on O-dimensional cycles. 

In our case, the blowing up centers p, are non-degenerate zero points of X, so they are fixed 
by ct(t), and hence Y = Z x C. So 3£ = BlzM x C is a product test configuration. In this 
case, both F{,3£) and F(M,L,X) are the classical Calabi-Futaki invariants, up to a universal 
constant factor (see ifTTTO . Observe that in this case, the holomorphic vector field X also have 
non-degenerate zero locus. This is because X generates a C* action, so the linearization of X at 
any of its zero point is semisimple, and our Lemma l3~l2l guarantees the non-degeneracy. 

Now we give a formula for the Chow weight in this case, using the potential of X. Assume 
U is very ample. For simplicity, we also assume that the induced action of a on H°(X,jL) 
gives a 1-ps of SL(N + 1). We also assume that (M,L) is asymptotically Chow polystable. First 
by Stoppa's work ([18J 14-15), we know that (!>,•/?;, a) = - L-a"" 1 ^^')- Tne definition 

1 As a manifold, M is the same as M blowing up all the points p,. If we denote the exceptional divisors by E„ then 
E = T di a i E i . 
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of X(pi) is as follows. Since the C* action a(t) preserves the fiber of L over p,, we have a 
well-defined notion of weight for this action. This is X (pi). We also write the induced linear C* 
action on F N as a(t). Suppose the image of p,- is the point [1,0, ... ,0], and the action of a(t) is 
in a diagonal form diag(t^,. ..,t kN ). Then Xq = —jX (pi). 

The holomorphy potential of X is defined by the equation — ddx = /'xffl. Applying the d 
operator, we get —dddx = LxCO. We can choose a special metric to compute Bx- So let's assume 
that ft) is the pull-back metric 

^log(|Z | 2 + --- + |Z„| 2 ). 

Since we assume that (M,L) is asymptotically Chow polystable, we can choose ft) to be a bal- 
anced metric. The real 1 -parameter group associated with X (and a(t)) is j8 (*) = diag(e^ s , . . . ,e^ NS ). 
Then by the definition of Lie derivatives, we have 

T r d i n i \* 1 t 2Ao|Zo| 2 H \-2Xn\Zn\ 2 

L x (0 = L ReX (0 = — , =0 j8 )*(0 = -dd - . 

as 7 \Zo\ -\ \-\Zn\ 

The first equality is because the action is Hamiltonian. So we can take 

12Ao|Zo| 2 H h2A^|Z^| 2 

yx " ~r |Z | 2 + --- + |Z W |2 

where the right handside means restriction to the image of M under Kodaira's embedding map. 
Evaluate at pi, we get dx(Pi) = —jXq = 2X(pi). Since ft) is balanced, we have dx_ = 0. So 
V Pi (Cl,X) = —AX(pi). So in this case, our result coincides with (16.11 ). up to a universal constant 
factor. 
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